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We report results on an approach to teaching linear algebra using
models. In particular we are interested in analyzing the use of two
theories of mathematics education, namely, Models and Modeling
and APOS in the design of a teaching sequence that starts with the
proposal of a “real life” decision making problem to the students.
We brieﬂy illustrate the possibilities of this methodology through
the analysis and description of our classroom experience on a prob-
lem related to trafﬁc ﬂow that elicits the use of a system of linear
equations and different parameterizations of this system to answer
questions on trafﬁc control.Wedescribe cycles of students’work on
the problem and discuss the advantages of this approach in terms
of students’ learning and the possibilities of extending it to other
problems and linear algebra concepts.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
The ability of introducing new mathematical concepts through the use of modeling situations in
the classroomhas received considerable attention in the past few years [1–6]. In particular, theModels
and Modeling perspective [7–9] has become a popular tool to analyze mathematical thinking when
teaching mathematics to elementary and middle school students. Results of these studies suggest
that students are able to develop important mathematical concepts when working with appropiately
designed “real life” problems, and through them their motivation for the subject is increased. Less
work however has been done in the case of undergraduate mathematics courses [10–14]. We are
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particularly interested in the use of this perspective at undergraduate level to teach linear algebra.
Linear Algebra has been recognized as an important subject for a variety of disciplines, and thus has
becomeacompulsory subject inmanysyllabi. It hasalsobeenrecognized that linearalgebra is adifﬁcult
subject for most of the students. Carlson et al. [15,16] have done some research regarding the main
obstacles faced by students when learning concepts and tools of linear algebra. Their work suggests
it is desirable to use problems that go beyond simple exercises, especially if they come from other
subject areas. This approach will enrich and motivate a significant learning experience. Sierpinska
et al. [16,17] studied the teaching of linear algebra with emphasis on the theoretical and practical
dichotomical approach when teaching it and when thinking about it. Hence, for example, the concept
of a set of linear equations change meaning depending on the type of thinking approach used, and
so do the answers to the problems set. Other authors, for example, Dubinsky [18] stress the need to
focus on the abstract nature of the linear algebra concepts and the importance of not avoiding it when
teaching it in order to help students develop the necessary constructions required by advanced linear
algebra concepts.
Some research has been developed on the use of APOS (Action-Process-Object-Schema) theory
in designing and implementing activities to teach the main concepts involved in understanding and
solving systems of linear equations [19,20]. These studies’ results indicate that students who have
already taken a course on linear algebra still show difﬁculties in formulating and solving systems of
linear equations related to real life problems and that many have problems when trying to relate
equations and their solution space to their graphical representation.
The implementationof themodeling approach includes thedesignof activities that promote signifi-
cant development ofmathematical reasoning in ameaningful situation or realistic setting. These activ-
ities have the potential of providing valuable insight for researchers and curriculum developers. Spe-
cifically, these activities should give the teacher the opportunity to observe and analyze subtle aspects
of students’ mathematical development and a clearer view on the reasoning process, allowing for the
observation of howstudents verify and justify theirmathematicalmodel, as opposed to just registering
the failure or success at producing an expected answer. Since the construction of abstract concepts is
known to be a difﬁcult process, we consider that the use of modeling activities can provide the setting
for students to use their knowledge and to confront newconceptual needs. These needs can thenbe ad-
dressed in the teaching process by introducing additional (concept-construction) activities that would
help the students make the necessary constructions to learn the abstract concepts of linear algebra.
The aim of this research project was to study the possibility of introducing important concepts in
a linear algebra course through the use of mathematical modeling and of speciﬁc previously designed
activities based on mathematics education theories. In addition we intended to analyze the results of
such an approach in terms of the work produced by the students and its relation to their learning. The
particular research questions we posed were:
• Is it possible to introduce students in a linear algebra course to importantmathematical concepts
through the use of mathematical modeling?
• Is it possible to design teaching strategies based on mathematics education theories such as
APOS and Models and Modeling that can help students in their learning of the main concepts
introduced in a ﬁrst university level course?
• What aspects of the mathematical knowledge of students can be accessed and developed by
reﬂecting upon them and by relating them to new concepts through the use of models and
activities designed based on a mathematics education theory?
In the following sectionwe ﬁrst describe themain ideas of the twomathematics education theories
used in this experience:Models andModeling andAPOS theory, andwe also discuss the teaching expe-
rience in somedetail. AsDubinksypoints out [22], theuse ofmodels and theories to studymathematics
education phenomena can: (1) support prediction, (2) have explanatory power, (3) be applicable to a
broad range of phenomena, (4) help organize one’s thinking about complex, interrelated phenomena,
(5) serve as a tool for analyzing data, and (6) provide a language for communication of ideas about
learning that go beyond superﬁcial descriptions. Using ideas from both theories it might be possible to
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design activities for the classroomwhere students face rich context problems to work on and that can
lead them to develop mathematical ideas that can be taken as a starting point in sessions where more
controlled activities based on a genetic decomposition are introduced. When this is done, these last
activities also respond to students’ conceptual needs which arise within the modeling process. In the
third sectionwepresent theproblemused in the teachingexperienceand thecyclesof students’ activity
that were observed while they worked on the solution of the questions of the problem. We discuss
students’ difﬁculties throughout the whole process and the results obtained in terms of students’
strategies to solve the problem and in terms of their learning. We conclude by signaling some of
the opportunities that this approach opens for the teaching of linear algebra as well as some of the
difﬁculties involved when this approach is used in the classroom.
2. Methodology
As described earlier, two different theories were used in the design of the teaching approach: APOS
theory and Models and Modeling perspective.
Action-Process-Object-Schema (APOS) theory was built on Piaget’s work and constructivist ideas
[21,22]. It intends both to model the way students learn advanced mathematical topics in order to
design teaching sequences that can prove effective in terms of students’ learning, and to analyze the
knowledge that students displaywhen solving a speciﬁc activity at a particularmoment in time.When
using APOS theory researchers take into consideration students’ previous knowledge. Students work
collaboratively in groups discussing and responding to speciﬁc tasks contained in the pre-designed
activities. Different kinds of activities, which have particular aims are carefully developed.
In some activities students have to consider mathematical objects perform actions on them, and
reﬂect on their actions. This is the case, for example when actions are needed in order to transform an
equation into an equivalent one. Other tasks have as a goal to incorporate those actions into algorithms
or procedures. Reﬂection on how and why these work helps students abstract their main character-
istics, take control over them and be able to ﬂexibly use them. In the theory this is called a process
conception. An example of a process conception is when a student takes appropriate decisions to
efﬁciently solve a system of equations. There are also tasks which intend to make students reﬂect on
the process and be aware of it as a totality so that they can apply new actions to it. When this happens
APOS theory talksaboutanobjecthavingbeenconstructedorencapsulated. Forexamplewhenstudents
think of systems of equations as a whole and compare them in terms of their properties, they have
constructed an object conception of a system of equations. Different actions, processes and objects
need to be related if they are to be used together in the solution of problems or in the construction of
new knowledge. Tasks are also designed to help students be aware of the relationships among actions
processes and objects and also on the relationships that exist with other concepts. The theory refers
to these collections as schemas [23,24]. Schemas evolve as new relations between new and previous
action, process, and object conceptions and other schemata are constructed and reconstructed.
TheapplicationofAPOS theory todescribeparticular constructionsby students requires researchers
todevelopagenetic decomposition–adescriptionof speciﬁcmental constructionsapersonmaymake in
the process of understandingmathematical concepts and their relationships. A genetic decomposition
for a mathematical concept or a topic is not unique, it is a general model about how such concept may
be constructed; different researchers can develop diverse genetic decompositions of how students in
general construct that particular concept, but, once one is proposed, in order to be used in the design
of teaching materials, it needs to be supported by research data from students.
TheModels andModelingapproach is auseful theoretical framework fordevelopingmodel-eliciting
activities to help students develop ideas in ameaningful realistic context [7,8]. Themodeling perspec-
tive focuses on the development of conceptual tools which are useful in decision making. Researchers
working on this perspective have developed criteria that the problems to beposed to the studentsmust
satisfy in order to be successfully applied in the classroom if one intends to contribute to the learning
process of students. TheModels andModeling perspective’s main idea consists in introducing realistic
complex situations where students engage in mathematical thinking. Complex products and concep-
tual tools are produced by students in order to accomplish the intended goal. These products are con-
structed during cycles of work and reﬂection and can be, in each cycle, self-evaluated by the students.
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Fig. 1. Genetic descomposition.
Under Lesh’s models and modeling approach [7] a candidate problem should follow six principles
to qualify for such analysis as a model-eliciting activity:
(1) Reality Principlewhere the context that motivates the problem is sufﬁciently realistic to get the
students motivated and have enough mathematical elements so that the modeling activity is
not a trivial one.
(2) Model Construction Principle where the problem setting is rich enough to need mathematical
concepts in thedevelopmentof amodel. Theneed for transforming real situationsof theproblem
to a mathematical language that can be analyzed in this case with linear algebra concepts and
techniques.
(3) Self-evaluation Principle so that students are able to verify their progress and check if their pro-
posedmodelswork according to the real behavior of the situation beenmodeled. The evaluation
should indicate students where the model needs modifying.
(4) Construct Documentation Principle so that student are able to record their thought process, writ-
ing the assumptions andmodel in algebraic terms. This also allows the teacher to verify progress
and evaluate the development in the students train of though, suggesting possible additional
activities or new concepts to improve the model.
(5) Construct Generalization Principle so that the models developed could be generalized to other
situations or problems. Themodel developed should become in itself a newmathematical object
which students could apply to other problems and serve as an new analysis tool.
(6) Simplicity Principle so that theproblems isnot too complicated topermit analysis by the students,
or lacking too much additional information for it to lead to a simple model.
Asaﬁrst step in this study, thegeneticdecompositionof a systemofequationsdesigned inaprevious
work by Trigueros et al. [19] was used. This genetic decomposition is described by the authors in the
following terms and can be represented by the Fig. 1.
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The schemas an individual must bring to the study of systems of equations are set, function, and
equality. This means that understanding of systems of linear equations in the context of linear algebra
requires that the individual should have constructed coordinations between the actions, processes,
objects and other schema that are considered in the construction of each of the schemas mentioned
above. Equation and function objects are coordinated into a process that veriﬁes if a given tuple is a
solution of a given equation. This process is encapsulated so that it becomes possible to consider the
set of all possible solutions for a given equation.
The equation, set and solution schemas are coordinated to construct a process that takes the inter-
section of the solution sets of two or more equations in a system. This process is then encapsulated
so that it becomes possible to compare two systems in terms of their solution sets, to study their
properties and to interpret the systems geometrically when possible.
Schemas for equality and equations are coordinated to construct a process that transforms an
equation into an equivalent one. This process is coordinated with the schema for systems to construct
aprocess toﬁndanequivalent systemofequations, andaprocess todetermine the solution set fromthis
equivalent form. This process of ﬁnding the solution set of a system of equations is encapsulated into
an object, and then it is possible to study its properties and to relate it to its geometric interpretation.
Also, the process of constructing an augmentedmatrix and considering it as the representation of a
system is encapsulated so that it becomes possible to perform row operations on thematrix to be able
to ﬁnd the solution set from the reduced form and to compare solution sets associated with different
augmented matrices.
Given a particular problem it is our experience that students encounter great difﬁculties in identi-
fying the variables and the problem conditions that might enable them in setting the linear equations
necessary to describe a system of simultaneous equations to model the problem. After a discussion
session with a group of researchers, we therefore chose a modeling problem which we considered
would allow this to become evident, to identify where the difﬁculties lie and to promote model-
ing cycles where students could use their previous or newly constructed knowledge and face new
conceptual needs, until the goal of the activity was reached. We also wanted that in the process of
exploring different parameterizations, students would ﬁnd graphical representations for the region
of possible parameter values. Exposing our students to these different parameterizations would help
them identify an adequate onewithwhich to answer speciﬁc questions for themodeling problem. The
realistic setting of the problem should motivate this analysis by the students, and serve as a guide for
teachers to set activities based on the genetic decomposition. The chosen problem was on trafﬁc ﬂow
andwill be presented in the next section. It was considered that it satisﬁed all the requirements posed
by the Models and Modeling perspective.
Students in fourundergraduate courseson linear algebra (Business andSocial Sciences, Engineering,
and Economics majors), taught by four different teachers, were presented with the problem the ﬁrst
day of term. They worked on the solution of the problem through six class periods of 2 hours. In each
period the session was broken so that students worked on small groups of three students for a while
and then inwhole class discussionwhere they could present their advances on the problem andwhere
other students and the teacher could ask questions. In each session all the students’ workwas collected
and classroomdiscussionwas audio registered. After each session the teachers and the researchers had
meetingswhere they analyzed anddiscussed students’work anddesigned the conceptual construction
activities to be used in the following session and those to be given as homework. Work on these
activities was also collected and analyzed by the researchers. Results of the analysis were always
negotiated between the researchers for validation.
The analysis of the evolution of schema for linear systems of equations and their solutions and
of the interaction between students and with the teacher in relation to the research questions posed
above is the focus of this particular study.
3. Modeling trafﬁc ﬂow
The context selected for this modeling experience was trafﬁc control in a city. The speciﬁc problem
posed to the students is described here.
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Fig. 2. Street plan and ﬂow of trafﬁc.
The diagram (Fig. 2) represents a street plan in the busiest ﬁrst two blocks in the ﬁnancial district
of a city. The trafﬁc control center has installed electronic sensors that count the amount of vehicles
passing through speciﬁc points in the city. The arrows represent the direction of each street and the
numbers the amount of vehicles per hour that pass through that point as accounted by the electronic
sensors. At each crossing point there are roundabouts that direct trafﬁc and allow for a continuous
ﬂow of trafﬁc through the entire system. Cars are not allowed to park on the streets.
The trafﬁc ﬂow should be allowed to follow its usual course at the sensor points. However the
Trafﬁc Control Center is interested in analysing possible trafﬁc diversion policies. These policies are
necessary when road works take place or other special trafﬁc disruption events occur. The students
are presented with the following speciﬁc questions:
1. If we were able to set minimum quantities of cars to circulate in a particular road (stretch
between roundabouts), what would this amount be for each stretch to maintain the normal
ﬂow of trafﬁc in the system? Is it possible to close off one of the roads? If so, which ones can or
cannot be closed?
2. The Trafﬁc Control Centre can divert trafﬁc by closing off some of the roads. This is done by
installing diverting signs at the beginning of each road. Howmany of such signs are needed? Is
it possible to use them at the beginning of any road? Is there a particular selection of road signs
that would make it easier to perform the ﬂow evaluation?
3. Is your model well adapted to consider a restriction of no more than 200 cars each hour in a
particular street? How would you modify it?
3.1. The solution cycles
In the four groups studied four general cycles could be identiﬁed in students’ work on the solution
of the problem, namely:
(1) Selecting and relating variables.
(2) Student manipulation of the set of linear equations.
(3) Matrix representation and its algebraic manipulation.
(4) Answering speciﬁc questions and the graphical representation of the solution space.
Each cycle was characterized by the type of work that students were doing, and in each of them
some speciﬁc difﬁculties were detected. In what follows we brieﬂy describe results obtained in each
of them.
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Fig. 3. Trying out ﬂows.
3.2. Deﬁning variables and the system
During the ﬁrst phase students were working in small groups exploring, trying to make sense
of the problem and ﬁnding possible ways to answer the questions. Students addressed the problem
by analyzing the ﬂow of cars in terms of the given numbers. In the beginning variables were not
used. Students answered some of the questions by looking at the given numbers in the diagram. They
performed arithmetical operations to decide if a street could or could not be closed. Their discussion
was centered onways of deﬁningwhat “a street” was, and in other considerations such as if a car could
disappear because it parks inside of a house or building, and whether it was possible to have two-way
streets. Students got easily involved with the problem, and showed that they were motivated and
enthusiastic about the activity. The teachers in each classroom visited the small groups and observed
what students were doing. They answered students’ speciﬁc questions to help them understand the
problem but did not give any hint about its possible solution.
Fig. 3 shows one such example where students try answering speciﬁc questions by looking at
plausible ﬂows or scenarios. In this particular one students suggested closing the road they later
named x3 and specifying how to direct trafﬁc as not to interrupt the required inbound and outbound
ﬂows. Sometimes students were inadvertively making assumptions about where the individual cars
wanted to go, as in their point a) where they specify “the 500 [cars coming in from the bottom]: 400
[go] left and 100 [go] up”, or as in point e) where they suggests “the 200 cars coming in from the
bottom do a U turn1 and go out as the 200 cars on top”.
During the beginning of this ﬁrst cycle, it was observed that students ﬁnd it hard to identify what
the variables are. They tend to omit the key word “number of” in their answers. They would make
comments such as “The variables are: the cars, the streets, the roundabouts, etc.”.
Teachers found that it was an illuminating exercise to allow students to suggest what the vari-
ables were. This allowed the teachers to identify deﬁciencies in the students’ concept of a variable,
and helped them to guide the group into a plausible choice of variables. It was useful to allow for
the exchange of opinions during whole group discussions that followed a half an hour period of
small groups work. In all the four classes there was at least one group of students who designated
something on the diagram as a variable. During whole class discussion, where different groups pre-
sented their approach to the problem and were questioned both by other students and the teacher,
it was found that understanding the ﬂow of cars in the roundabouts as zero (balancing out) was the
1 By “U turn” they mean taking street named x2 and making a right to the topmost rightmost roundabout.
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characteristic that permits the setting of linear equations to represent the system. Also, the usefulness
of presenting very long answers involving detailed arguments and complicated explanations that
included many arithmetical operations was questioned. After discussion, when groups returned to
work, all of the groups decided to use variables and to pose the problem in a mathematical form,
they all used the term “street” as representing a stretch of inner-road (those where we are not
counting the ﬂow of cars) between the roundabouts. The selection of the names for the variables
was different for each group, andmost of them added a new hypothesis to avoid cars from “disappear-
ing”. These results show that the problem satisﬁed the reality principle from Models and Modeling
perspective.
In this problem, there are several valid ways of choosing the variables and then pose a system of
equations. One such way is to deﬁne xi as the amount of cars circulating in a particular street, selected
by most of the groups. One should notice that to maintain the normal ﬂow of trafﬁc it is necessary
that the amount of cars coming into a roundabout be the same going out of it; students did not ﬁnd
it difﬁcult to take this into account. One possibility is to name each inner-road as in the following
graphical representation that was chosen by one group:
Then we would have six simultaneous equations (one for each roundabout) described by:
200 + x6=400 + x1,
x1 + 300=x2 + x7,
x2 + x3=200 + 100,
200 + 200=x3 + x4,
x7 + x4=x5 + 300,
500 + x5=400 + x6.
As considering a negative ﬂow of trafﬁc is unrealistic it is also important to specify that xi ∈ Z+, which
was also easy for the students to understand, although they did not mentioned this explicitly when
they presented their model for the trafﬁc ﬂow. Once students got to this point they tried to establish
simpliﬁed algebraic expressions for the system, but some of them still tried substituting numbers.
Some students tried to solve the equations as they started setting them, and many of them made
mistakes since they are not used to working with systems with so many unknowns, and ended up
with incorrect answers on plausible ﬂows. During whole class discussion students had an opportunity
to talk about equivalent systems and non uniqueness of equations. Here is where Lesh principle of self
evaluation comes into play, as it is easy to verify if, when substituting the values obtained or proposed,
a feasible ﬂow is obtained. That is why setting the three questions proposed for the problem can be
considered a good decision; they provided a guide for the student’s train of thought.
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Fig. 4. Solving system of equations unsucessfully.
Students soon realized that it was easier to avoid mistakes in the algebraic manipulations if they
expressed the system of linear equations in such a way that all variables are in one side of the equality
and the constants on the other side for each equation as in:
−x1 + x6 = 200,
x1 − x2 − x7 = −300,
x2 + x3 = 300,
−x3 − x4 = −400,
x4 − x5 + x7 = 300,
x5 − x6 = −100.
Although writing the system in this way allows for a more orderly and easier manipulation of the
different linear equations, not all groups of students were able to solve the system successfully. Fig.
4 shows one such example where students found it difﬁcult to manipulate the system to answer the
questions successfully.
Problems with algebraic manipulation motivated the need for a systematic algorithm to solve sys-
temof equations, and for thematrix representation. Itwas then decided that a set of activities designed
on the basis of the genetic decomposition of the system of linear equations should be used in order
to give students the opportunity to review what they already knew about systems of linear equations
and to develop this knowledge further by performing actions on the system to transform it and by
reﬂecting on those actions in order to interiorize the solution process.
An example of an activity from this set, together with its analysis in terms of the genetic decompo-
sition follows:
Activity
(a) Find the solution set of the system:
−4x1 + 5x2 + 9x3=−9,
2x1 − 3x2 + 2x3=1.
(b) How many solution does the system has? Give some examples of solution vectors.
The purpose of this activity was to give opportunities to students to coordinate the equation, set
and solution schema by means of reﬂecting on the actions needed to ﬁnd the solution of the system,
2134 E. Possani et al. / Linear Algebra and its Applications 432 (2010) 2125–2140
of performing actions on the equations to transform them in equivalent ones, and determining the
solution of the problem. The solution set of the system consists of an inﬁnite number of solutions, so
students will not ﬁnd a speciﬁc number for each variable as a solution. It is expected that they will
reﬂect on the fact that the solution is given in functional form, andby coordinating the solution setwith
the function schema, theywill be able to think of the role of free variables and theirmeaning regarding
the number of solutions to the system. Asking students for speciﬁc examples of solutions intends to
make them perform the action of substituting a value into the independent variable of each function
and obtain the other values. Once students have one or more speciﬁc vectors that are solution to the
system, theycanverify thisby substitutingeachof theminto theequationsandbyverifying the identity.
As in the trafﬁc ﬂow problem students showed a tendency to loose some equations in the solution
process, some of the actions they were asked to do were such that they realized that they needed to
always maintain the six equations of the system. This ﬁrst set of activities was left as homework for
the students.
The following session was started by using a new set of activities based on the genetic decomposi-
tion. This set had the purpose of helping the students realize that the numbers that really matter for
algebraic manipulation are the coefﬁcients of each variable in each linear equation, and of using this
fact to naturally introduce them to the concept of a matrix or matrix representation of a set of linear
equalities as an action. The following activity shows an example of this set:
Activity
Given the system of equations:
5x1 + 2x2 + x3=11,
x1 + x2 + x3=1,
4x1 + 2x2 + 3x3=5,
(a) Find the solution set by following a similar procedure to the one described in the previous
activity. As you did in that activity, write down each of the systems you obtain while you do the
transformation on the left side of the page.
(b) On the right hand side of the same page, write down only the numbers corresponding to the
coefﬁcients of the unknowns and to the constant term conserving the same layout of the equa-
tions. What do you observe? Would it be possible to ﬁnd the solution set of the system using
only this array of numbers? How would you do it?
Part (a) of the activity has the goal of helping students reﬂect on the actions they do to the system to
ﬁnd the solution and to help them realize the fact that these transformations do not reduce the number
of equations of the system.Writing the system in this way allows for amore orderly and easier manip-
ulation of the different linear equations. In fact students will note at this point that the numbers that
really matter for algebraic manipulation are the coefﬁcients of each variable in each linear equation.
This could lead naturally to the concept of amatrix ormatrix representation of a set of linear equalities.
In part (b) of the activity students do the action of constructing an array of numbers obtained from
each transformation of the systemof equationswith the goal of focusing their attention on the fact that
the transformations change the coefﬁcients and the independent term but not the variables. This can
serve as preparation for the introduction of the augmentedmatrix and the actions needed in the gauss-
ianeliminationprocedurewhicharenewconcepts for thestudents. It canalsopromotethecoordination
between the information given by each array and that given by the corresponding system of equations.
3.3. Matrix representation
During the following session, students returned to the solution of their model and most of them
were able to solve it. They did not have many difﬁculties using what they had learnt to represent the
system using a matrix. For example some students deﬁned matrix A as follows:
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A =
⎛
⎜⎜⎜⎜⎜⎜⎝
−1 0 0 0 0 1 0
1 −1 0 0 0 0 −1
0 1 1 0 0 0 0
0 0 −1 −1 0 1 0
0 0 0 1 −1 0 1
0 0 0 0 1 −1 0
⎞
⎟⎟⎟⎟⎟⎟⎠
.
During the discussion with the class it was suggested by the teacher that the decision variables may
be expressed as a vector xT = (x1, x2, . . . , x6), and the right hand side constants by vector: bT =
(200,−300, 300,−400, 300,−100), and that the system could be represented using thematrix form:
Ax = b.
The teachers also took this opportunity to point out that this matrix form represents the layout of
the streets, as follows: each row identiﬁes a speciﬁc roundabout andeach columna speciﬁc inner street.
This is in fact an adjacency matrix. So that, for example, the ﬁrst row represents the ﬁrst roundabout
and aminus sign in the ﬁrst column indicates that the ﬁrst inner street goes out of the ﬁrst roundabout
and a positive sign in the sixth row means that inner road number six enters the roundabout. The
goal of this discussion was to elicit the use of adjacency matrix as an object to represent the road
layout.
The idea of clarifying the relationship of the notation introduced to the meaning of the problem
intended to help students to use it as a tool to represent more complex layouts. For example a case
where there are more than two roads coming into a roundabout, or more complex arrangements
where the road layout is not as regular or square-like as presented in the example. We can observe
here that the problem satisﬁes the principle of generalization, also, the possibility to relate systems to
their matrix representation and both with the streets’ layout can help students to construct an object
conception of a system of equations and of its matrix representation.
Another interesting behavior that was pointed out by one of the teachers during discussion with
the whole class is that each column has one positive one (+1) and one negative one (−1), which
indicates that the inner road starts at a speciﬁc roundabout (corresponding to the row where the
negative sign is) and ends at another speciﬁc roundabout (where the positive sign is). This teacher
used this opportunity to introduce the concept of a unimodular matrix and the integrality theorem
regarding solutions to a systemwith suchmatrix (that may be provenwith Cramer’s rule). Specifically
as matrix A is a unimodular matrix and b is integer, we are able to ﬁnd integer solutions to the system
(an integer number of cars ﬂowing on each road), which is convenient (and meets the expected result
of the reality of the model).
Returning to the system of linear equations in the matrix form Ax = b, a natural concept to intro-
duce is that of the Gaussian elimination method to obtain an echelon matrix, this again consists of
performing actions on the rows of the matrix to transform it into equivalent matrices. These actions
maybe interiorized into a process of rowoperation. Thiswas done by introducing a newset of activities
designed using the genetic decomposition. After the set of activities was completed, students applied
the method to their model and ended up with a system as follows:
⎛
⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 0 −1 0
0 1 0 0 0 −1 1
0 0 1 0 0 1 −1
0 0 0 1 0 −1 1
0 0 0 0 1 −1 0
0 0 0 0 0 0 0
⎞
⎟⎟⎟⎟⎟⎟⎠
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
x1
x2
x3
x4
x5
x6
x7
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎝
−200
100
200
200
−100
0
⎞
⎟⎟⎟⎟⎟⎟⎠
.
A group of students was not able to transform the ﬁnal matrix obtained into the corresponding
system of equations. Some groups of students substituted but did not know what to do with the free
values, others substituted one possible value for the free variables and obtained a particular solution
to the problem. There were other groups, however, that realized that there weremany possibilities for
the solution of the problem. These groups were able to explore solutions to the whole set of questions
posed at the beginning. They were able to compare different solutions and they tried to ﬁnd the ones
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Fig. 5. Parameterization with x6 = t1, and x7 = t2.
thatwouldhelp themanswer the trafﬁcﬂowquestions. These students constructed the idea of solution
set as an object.
The teachers discussed with students that there were two degrees of freedom. This intended to
help them reﬂect upon the process of solution and the solution as an object. Also, different groups’
models were compared so that students could notice that a different choice of free variables will yield
different parameterizations of the solutions to the system and that some will facilitate the analysis
needed to answer questions while others will not be as easy to analyze. This comparison could help
students to encapsulate the notion of solution set as an object.
3.4. Parameterization
The teachers invited the students to write their solutions using parameters. For example, some
groups selected as parameters x6, and x7 by choosing to name x6 = t1, and xt = t2 as free variables,
and expressed the set of solutions to the trafﬁc ﬂow problem as follows:
x =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
x1
x2
x3
x4
x5
x6
x7
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
−200
100
200
200
−100
0
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ t1
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1
1
−1
1
1
1
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ t2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0
−1
1
−1
0
0
1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
At this point all the groups of students played around with their model substituting different values
for their parameters and tried to answer the questions posed at the beginning when the problemwas
introduced. One of the ﬁrst things they noticed is that as x ∈ Z+ it is necessary that t1  200 (so that
x1  0), and were able to express in words the meaning of this restriction: “the street corresponding
to x2 should at least have a ﬂow of 200 cars”. They also compared their different parameterizations
in terms of how easy it was for each of them to answer the questions. Some groups of students also
used the parameterization to analyze other characteristics of the feasible solutions. One of the teachers
suggested during whole group discussion, on the meaning of those restrictions for the problem, the
possibility to graph the feasible values of t1 and t2, and asked students to do it for their speciﬁc
parameterization.
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Fig. 6. Parameterization with x1 = s1, and x2 = s2.
The graph in Fig. 5 describes a graph for a parameterization using as free parameters: t1 = x6 and
t2 = x7. Some students realized that the shaded area represents the feasible region for values of t1 and
t2 and it was then evident for them that “as t1  200 that the ﬂow through road x6 must be at least of
200 cars, and as t2  500 road x7 cannot possible support more than 500 cars going through it”. This
graphwas also used by other students to identify feasible and infeasible choices of speciﬁc values for t1
and t2. During discussion of work on parameterization the teacher asked questions to help the whole
groups to reﬂect on the parameterization as an object representing the solution set, on the relation
between the graphic representation of the parameterization, the solution set and the solution of the
questions asked at the beginning. He also asked questions to help students note that with a different
choice the analysis might become easier, as follows.
If we choose different parameters, say, x1 = s1 and x2 = s2 then
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
x1
x2
x3
x4
x5
x6
x7
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0
0
300
100
100
200
300
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ s1
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
1
0
0
0
1
1
0
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
+ s2
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
0
1
−1
1
1
1
−1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Its corresponding graph is shown in Fig. 6.
Here it is easier to see that x2  300, the ﬂow in road x2 can not exceed 300 cars and hour. We also
conclude thatwe can close off road x1 and x2 (making s1 = s2 = 0), or close road x3 (making s2 = 300).
We also see that as s1, s2  0 (to maintain feasibility of x 0) we cannot possible close off roads x4, x5
and x6, and the only way we could close off road x7 would be to make s1 = 0 and s2 = 300, which
means that we also close road x1, and x3 diverting all trafﬁc through the other roads. It is now easier
also to answer question 3, as it corresponds to focusing on a smaller region in this graph. One where
s1  200, s2  200, and from x3 = 300 − s2: s2  100. Through this discussion the teacher tried to help
the students interiorize the process of coordinating the value ranges and the graphical interpretation
to answer speciﬁc questions. The ﬁnal activity for students was a set of different open problems that
could bemodeled using the same ideas as those used in the trafﬁc ﬂow problem, in this way, the trafﬁc
problem becomes a useful tool that students can use to compare a variety of different situations and
start a process where they will eventually become aware of the mathematical structure relating those
apparently diverse problems.
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4. Conclusions
A ﬁrst issue to be investigated in terms of the students’ activity consisted in determining if the
problem situation presented satisﬁes the Models and Modeling criteria.
• It was found that students canmake sense of the presented situation by using themathematical
schemas they have already constructed, and to reﬂect on the concepts they know in terms of a
new situation, that is, the problem satisﬁes the reality principle.
• Whenworking with the problem, it was found that students very quickly face a situation where
they need to extend and contrast their knowledge about variables, functions, equations and
systems of equations. This shows that the problem satisﬁes the principle of model construction.
• Throughout theworkwith the problem studentswere able to go back from the theoretical activ-
ities proposed to themodel, they used the newly acquired knowledge in their proposed solution
and judged by themselves the convenience both of the model they proposed and of the math-
ematical tools used to work with it. This shows that the problem satisﬁes the auto-evaluation
principle.
• The modeling activities, together with the mathematical activities presented to the students
were used to keep track of the different groups thought evolution throughout thewholemodel-
ing process. Documentation could also be used to discuss with students and design mathemat-
ical activities needed and appropriate feedback on the modeling process. The documentation
principle is thus satisﬁed.
• Students were able to recognize new open problems presented to them as similar to the “streets
model”, they used their models and the new conceptual tools to work in the new problems. This
implies that students could use de “streets model” as a generalization tool.
• Finally, the situation presented was simple enough to enable students to start working of the
problem using numerical and algebraic strategies, so the problem satisﬁes the simplicity prin-
ciple.
It was also shown that both theoretical frameworks could be used in an integrated way: Rich
contextual problems can be introduced for the students to ﬁnd a suitable mathematical model. Once
students have a model they work with it to ﬁnd answers to the questions posed. From students’ work
on the problem, teachers and researchers can have discussions both on the conceptual constructions
that students show in theirwork andon the concepts theyneed to construct to be able to continue their
work on the problem. Based on the genetic decomposition teachers and researchers can work on the
design of activities that can help students construct new knowledge. These activities ideally should be
linked to the modeling situation in terms of the detected student needs. Students may work on them
in small groups during class sessions or they can be left as homework. Work on the activities should
then be discussed with the whole class, different models compared and new concepts formalized.
Duringworkwith thewhole class the activities thatwere introducedwere related to:matrix repre-
sentation of systems, rowoperations, geometric representation of systems of linear equations, solution
of the system, classiﬁcation of systems, types of solution of linear system, geometric representation
of solution sets, inverse matrices, matrix rank, linear programming, and in some cases other useful
mathematical concepts.
The main difﬁculties faced by students when presented to the problem can be summarized as
follows:
• A drive to look for an immediate solution to the problem which leads to the use of numerical
calculations, very speciﬁc graphical representations or the proposal of a mathematical model
not related directly with the problem.
• Difﬁculty in recognizing some hypothesis that were already stated in the proposition of the
problem, and in adding, when needed, additional hypothesis.
• Difﬁculties in identifying the relevant variables and in using and interpreting parameters in the
proposed models.
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• Difﬁculty in ﬁnding an appropriate mathematical model for the problem and, for those stated,
difﬁculties in interpreting the model.
• Difﬁculties with the concepts of function and variation.
The teachers found that it is of fundamental importance to guide the students with questions that
help them to reﬂect on what they already know and focus on strategies that can be fruitful in the
solution of the problem. An important question is thus, once the students have found one or several
models, how can they be guided so that new concepts emerge and can be related with what they
already know?
Work done on this research project shows that it is possible to teach new linear algebra concepts
to students through the use of rich contextual problems, and that the use of Mathematics Education
theories is helpful in the interpretation of studentswork and of students needs, aswell as in the design
of concept construction activities that are linked to the modeling process as well.
It is important to stress that itwas alsopossible touse twodifferentMathematics Education theories
to design an interesting real situation which can be worked by students and to help them make the
concept constructions intended in the course syllabus in relation to systems of linear equations.
The genetic decomposition is an useful tool to guide teaching decisions and the design of activities
with the purpose ofmaking students conceptual schema evolve. The ideas of themodels andmodeling
theory are useful in the design and evaluation of the problems to use. Formalization of new concepts
throughwholeclassdiscussionaftereachcyclewascompletedwasfundamentaltomakestudentsaware
ofwhat they had achieved through their ownwork in terms ofmathematical accepted knowledge.
The strategy followed through thewholemodeling process gave opportunities for students to show
what they know and what they are learning. As all students work is documented, this documentation
becomes an important tool in the evaluation of students’ progress. Students showed a lot of interest
throughout the whole process, and worked intensely on the proposed activities.
It is also important to note that the use of this teaching strategy needs a lot ofwork from the teacher,
it is easy to loose track and loose time. Sometimes students prefer to be taught by traditional methods,
but it has been well documented through mathematics education literature that there are teaching
methods that are more efﬁcient in terms of students learning.
Results of this study show that students learnwhat they are supposed to learn and they can even do
more than what is normally expected from them when given the opportunity. In this experience, the
geometrical analysis of the solution space and the parameters came out as a direct result of students’
work on the model.
The design of a genetic decomposition is not easy, but there are several already available in the
literature that can be used or modiﬁed by the teacher. There are also sets of activities designed to help
students make the constructions needed in the learning of linear algebra [25].
This project is undertaken by the authors in collaboration with other researchers. The group has
chosenotherproblems thatwork ina similarway to theonepresentedhere to introduceother concepts,
specifically to dowith: distance between vectors,matrixmultiplication, eigenvalues and eigenvectors,
linear independence, among others. These problems are under analysis at the moment and we hope
to present our results in future papers.
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